Abstract-In this paper, the behavior of limit cycles in second-order autonomous system will be analyzed based on the behavior of some appropriate equipotential curves which will be considered around the same limit cycles. In fact two sets of equipotential curves are considered so that a set of the equipotential curves has a role as the upper band of the system trajectories and another set plays a role as the lower band. It will be shown that the stability of the limit cycles in system can be assessed using the behavior of these two set of equipotential curves. It will be shown that asymptotic stability, semi-stability and instability of the limit cycles or oscillation behavior in the system need to analyze both the lower and upper bands set of the equipotential curves. The method can even detect a stable limit cycle appearing in the oscillation systems. The method is geometric and suitable for second-order nonlinear autonomous systems. Finally, some examples will be presented to verify the presented method.
I. INTRODUCTION
As we know, two basic methods are essentially used to analyze the behavior of limit cycles in nonlinear system [1] , [2] . The first method is to draw the trajectories of the system using the softwares such as Matlab in order to detect the limit cycles in the system. It is clear that the limit cycles detected in this approach can be recognized as stable, unstable or semi-stable [1] , [3] . The second method is based on the linearization of the system around its equilibrium point or points. The second method has two major weaknesses. Firstly, if the equilibrium point of the system around which the system is linearized is on the limit cycle or in a small neighbor of it, the method may be effective otherwise the method can not detect the real behavior of the nonlinear system. Secondly, the method can only assess the behavior of the system around the limit cycle as the form of point to point if and only if these points all locate on the limit cycle [1] . In other word, all equilibrium points have to locate on the limit cycle and as we know this case is very seldom to happen. The proposed method mentioned in this paper is a geometric method which is more suitable for nonlinear autonomous systems. This kind of systems is very important because it models the behavior of some devices such as oscillators [4] . There are some researches proposing geometric method to design appropriate second-order nonlinear autonomous systems in order to realize and manufacture devices such as oscillators [3] . Also there are some researches presenting geometric methods to analyze the stability and behavior of Manuscript received April 6, 2012; revised May 25, 2012. H. Fathabadi is Post-Doc researcher at National Technical University of Athens, Athens, GREECE. He is also with the Kharazmi University, Tehran, IRAN (e-mail: h4477@ hotmail.com).
some systems [5] - [9] .
II. INVARIANT SET AND EQUIPOTENTIAL CURVES
Consider the nonlinear autonomous system described by the following equations
Definition 1: A set is said "compact" if it is bounded and closed [1] , [3] .
Definition 2: Consider the set called P so that 2 R P ⊂ , P is said "invariant set" if the trajectories of the system beginning in the P remain in it as ∞ → t [1] , [10] , [11] . Definition 3: Suppose that the 0 = X is the equilibrium point of the second-order autonomous system described b y the equation (1) and suppose that the compact set called M includes the equilibrium point (the origin). The closed curves belonging to M, which are described by
so that R C ∈ , and enclosing the equilibrium point are called equipotential curves because for each value of C there is a closed curve with the potential of C , so all points locating on the
have the equal potential the numerical quantity of which is C [3] .
III. LIMIT CYCLE AND STABILITY ANALYSIS Definition 4: A limit cycle is said asymptotic stable if all trajectories in vicinity of the limit cycle converge to it as ∞ → t . Otherwise the limit cycle is said semi-stable or unstable [1] , [11] .
Theorem 1: Consider the second-order autonomous system (1), suppose that no equilibrium point belongs to the compact set M which encloses the origin ( 0 = X ). Furthermore assume that there are equipotential curves
with clockwise directions, enclosing the origin and satisfying the following inequalities 0 ) , (
Then there exists an asymptotic stable limit cycle 
= , we have and as a result, the dynamic of
Consider the velocity vector on the (6) we obtain that x axis respectively. Also, the velocity vector of the system (1) symbolized by X can be obtained as
The partial derivative dt x x du ) , ( 
where the right hand of the above equation is the algebraic value of the vector product. ,So the inequality (2) can be written as and this means that the direction of the trajectories of the system (1) are to the outside of the equipotential curves 
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Now, the question is that how ) , ( 
. (18) The equations (17) and (18) give the conditions which have to be satisfied by have to be determined so that an asymptotic stable limit cycle can be added to the resulted closed loop system. By choosing equipotential curves asand replacing (20) and (21) in (17) and (18) respectively, the following inequalities are earned 
By choosing the state feedback lows as the form of the following equations and replacing in (24) and (25), the following inequalities are earned as the conditions that must be satisfied in order to appear an asymptotic limit cycle in the system (15) 
The inequalities (27) and (28) 
(30) Fig. 1 . The system has an asymptotic stable limit cycle.
V. CONCLUSIONS
The method presented in this paper was a geometric method which is suitable for nonlinear autonomous systems. It can be seen that the equipotential curves presented in this paper are the same energy functions presented by lyapunov to analyze the stability of the equilibrium points in systems. In fact the innovation of this paper is to present a geometric method to recognize the limit cycles of the nonlinear autonomous systems.
